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SUMMARY 
Every Galois extension of odd degree has a self-dual normal basis. 
INTRODUCTION 
Let K be a field, and let L be a finite Galois extension of K. Set G = Gal(L/K), 
and n=[L:K]. Let 
T:LxL-+K 
be the trace form. 
A basis (el, . . . . e,,) of the K-vector space L is said to be self-dual if T(ei, ej) = 
= 6,j. A normal basis of L over K is a basis of the form (g(x)),,. for some 
XEL. 
THEOREM 
If n = [L : K] is odd, then L has a self-dual normal basis over K. 
For fields of characteristic not 2 this is proved in [2] as an application of a 
result on Galois cohomology. The aim of the present note is to prove this 
theorem for fields of characteristic 2, as well as to give a more direct proof for 
fields of characteristic not 2. 
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The above theorem answers a question of P. Conner and R. Perlis ([3], 
(V.3.3)). 
8 1. HERMITIAN MODULES 
Let A be a ring, and let - : A+A be an involution. A sesquilinear form on 
a finitely generated left A-module Mis a biadditive map s : Mx M+A such that 
s(ax, by) = as(x, y)6 for all x, y EM and a, b E A. A hermitian form is a sesqui- 
linear form h : Mx M+A satisfying h(x, y) = h(y, x) for all x, y E M. The pair 
(M, h) is called a hermitian module. A hermitian module (M, h) is said to be even 
if there exists a sesquilinear form s : MxM-rA such that h(x, y) =s(x, y) + 
+eY, 4. 
Let us denote by Z(A) the center of A and by A ’ the group of invertible 
elements of A. 
(1.1) LEMMA 
Assume that there exists a E Z(A) such that a + d = 1. Then every hermitian 
module is even. 
PROOF 
Let (M, h) be a hermitian module. Set s(x, y) =ah(x, y). Then h(x, y) = 
= (a + d)h(x, y) = s(x, y) + s(y, x), so (A4, h) is even. 
For any a E A such that d = a, we denote by (a> the rank one hermitian form 
AxA+A 
(x, y) c* W. 
Let A be a left A-module, and set M* = Hom,(M, A). Let us define a left 
A-module structure on M* by setting (af)(x) =f(x)a for all a E A, f E M* and 
XEM. If (M, h) is a hermitian module, then the A-linear map 
H: M-rM* 
HOW = h05 x) 
is called the adjoint map of h. A hermitian form (or hermitian module) is said 
to be non-singular if the associated adjoint map is an isomorphism. For in- 
stance, the rank one hermitian form (a) is non-singular if and only if a E A ‘. 
Let N be an A-submodule of M. Set N’ = {x E M 1 h(x, y) = 0 for all y EN}. 
The submodule N’ is called the orthogonal of N. A non-singular hermitian 
module (M, h) is hyperbolic if it is even, and if A4 has a submodule that is a 
direct summand, and is equal to its orthogonal. 
Two hermitian modules (M, h) and (M’, h’) are isomorphic if there exists an 
isomorphism of left A-modules f: M-M’ such that h’(fx,fy) = h(x, y) for all 
x, REM. In particular, the rank one hermitian forms (a> and (b) are iso- 
morphic if and only if there exists c E A ’ such that a = cbc. 
Let (A4, h) and (N,g) be two hermitian modules. The orthogonal sum 
(M, h)El(N,g) = (M@N, hog) is defined by (h!4g)(m +n, m’+n’) = h(m, m’) + 
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+ g(n, n’). Let G(A) be the Grothendieck group of the isomorphism classes of 
non-singular, even hermitian forms on finitely generated left A-modules with 
respect to the orthogonal sum. The Witt group W(A) is by definition the 
quotient of G(A) by the subgroup generated by the hyperbolic hermitian 
modules. Therefore two hermitian modules (M, h) and (M’, h’) are in the same 
Witt class if and only if there exist hyperbolic hermitian modules (N,g) and 
(N’,g’) such that (M,h)El(N,g)=(M’,h’)El(N’,g’). 
Let K be a field. Assume from now on that A is a K-algebra and that - is 
a K-linear involution. For any field extension L of K, set A,=A@,L. The 
extension of scalars induces a map r* : W(A)+ W(A,). 
(1.2) THEOREM 
Assume that L is a finite extension of odd degree of K. Then 
r * : W(A) + W(AL) 
is injective. 
PROOF 
This was proved in [2], Proposition (1.2) for a different notion of Witt 
group. The proof given there also applies in the present situation. 
The following result is due to Quebbemann, Scharlau and Schulte: 
(1.3) THEOREM ([5], (7.10.9) and (7.11.3), or [4], (3.4)): 
Assume that A is finite dimensional over K. Let (M, h), (M’, h’) and (IV, g) be 
non-singular, even hermitian modules. If (M, h)El(N, g) z (M’, h’) El(N, g), then 
(M, h) z (M’, h’). 
Let (M, h) be a hermitian module. Set ML = MOKL, and let hL : ML x M,+ 
+At be the extension of h to ML. Two hermitian modules (M, h) and (M’, h’) 
are said to become isomorphic over L if (ML, hL) and (ML, hi) are isomorphic 
over AL. 
(1.4) THEOREM 
Assume that A is finite dimensional over K. Let L be a finite extension of 
odd degree of K. If two non-singular even hermitian modules become iso- 
morphic over L, then they are isomorphic. 
PROOF 
Let (M, h) and (M’, h’) be two even, non-singular hermitian modules that 
become isomorphic over L. Then by Theorem (1.2), the Witt classes of (M, h) 
and (M’, h’) are equal. Therefore there exist hyperbolic hermitian modules 
(N,g) and (N’,g’) such that (M,h)Ei(N,g)~(M’,h’)Ei(iV’,g’). As MLzMi, we 
have MGM’. 
Therefore the Krull-Schmidt theorem implies that Nr N’. But two hyperbolic 
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hermitian forms on isomorphic modules are isomorphic (see for instance [ 11, 
Claim (4.10.1)). Hence we obtain (M,h)n(M’, h’) using (1.3). 
8 2.SELF-DUAL NORMAL BASES 
Let K be a field, and let L be a finite Galois extension of K with group G. 
(2.1) THEOREM 
If [L : K] is odd, then L has a self-dual normal basis over K. 
Let K[G] be the group ring, and let - : K[G] +K[G] be the K-linear involution 
such that g=g- ’ for all gE G. Let us associate to the trace form T: L x L-+K 
the form 
h: LxL+K[G] 
Then (L, h) is a rank one hermitian module over the ring K[G], with respect 
to the involution -. 
(2.2) LEMMA 
Let aELX. Then 
(i) a generates a normal basis of L over K if and only if (a} is a basis of L 
over K[G], 
(ii) a generates a self-dual normal basis of L over K if and only if {a} is an 
orthonormal basis of L over K[G]. 
PROOF. This is clear. 
Let a EL ’ generate a normal basis of L over K. Set u = h(a, a). Let us con- 
sider the rank one hermitian forms ( 1) and (u) 4 (L, h) over K[G], with respect 
to the involution -. We can reformulate the second part of (2.2) as follows: 
(2.3) L has a self-dual normal basis over K if and only if the hermitian forms 
(1) and (u) are isomorphic over K[G]. 
The Galois algebra LQKL has a self-dual normal basis over L. Therefore 
we have: 
(2.4) The hermitian forms (1) and (u) are isomorphic over L[G]. 
PROOF OF (2.1) for fields of characteristic not 2: 
If char(K)#2, then every hermitian module is even. Therefore the result 
follows from (2.4), (1.4) and (2.3). 
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Assume that char(K) = 2 and that G is a group of odd order. Set 
(2.5) s= 1 g, B=sK[G] and A=K[G]/B. 
geG 
As B = B, the involution - induces - : A-A. 
(2.6) LEMMA 
There exists a E Z(A) such that a + d = 1. 
PROOF 
As the order of G is odd, no non-trivial element of G can be conjugate to 
its inverse. Hence there is a subset T of G, stable under conjugation, such that 
every non-identity element of G is either in T or has its inverse in T, but not 
both. Set a=1 + CpETg. Then a+B= 1 +s. 
PROOF OF (2.1) for fields of characteristic 2: 
With the notation of (2.6), we have K[G] =A x K. By (2.4), there exists 
y = (yA, yK) E L[G] = AL x L such that ujj = u. Hence 
(2.7) yAyA = u, yKjjK = w, where u = (u, w) E A x K. 
The involution - is the identity on K, so & = w. Therefore yK E K. 
Using (2.6) and (l.l), we see that every hermitian form over A is even. The 
rank one hermitian forms ( 1) and (0) over A become isomorphic over L 
(cf. (2.7). By (1.4) this implies that (1) E (u) over A. In other words, there 
exists x, EA such that x~.Y~ = u. Set x=(x,+ yK). Then XX= u. Hence (2.3) 
implies that L has a self-dual normal basis over K. 
(2.8) REMARK 
Theorem (2.1) and its proof remain valid when “Galois extension” is re- 
placed by “Galois algebra”. 
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